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Abstract—The nonlinear response of an elastic beam to a moving transverse load is studied, using a special
perturbation method. Solutions are obtained that remain valid throughout some neighborhood of the critical
speed of the linear beam theory. It is found that in general, depending upon the type of dominant nonlinearity
in the beam, either the subcritical response or the supercritical response may be continued up to the critical
speed and even beyond. The solutions also show how the transitions from a subcritical response to a super-
critical response and vice versa take place near the critical speed.
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NOTATION
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x/{/{DAr), dimensionless distance in moving coordinate system along undeformed beam neutral axis
y//(2)47), dimensionless transverse displacement

u/(/(2)Ar), dimensionless axial displacement

AV{p/E)*, dimensionless load velocity

24%r%k,/k, , dimensionless modulus for material nonlinearity of foundation

k3 /(2k,), dimensionless horizontal modulus for foundation material

202N {EA), dimensionless load intensity

E,1,/(24*r*EL), dimensionless modulus for material nonlinearity of beam

in the above expressions, x, y, u, E, Ey, I, I, 4, r, ky, k,, ks, p and N have the following meanings, respectively :

X

EE,

12’I4

X — Vi, distance in moving coordinate system along undeformed beam neutral axis, in which X =
distance in fixed coordinate system along undeformed beam neutral axis, V = load velocity and
t = time

transverse displacement of beam

axial displacement

elastic constants that relate stress and strain in a beam: ¢ = Ee— E, ¢’ in which o = stress, ¢ = strain
and E, > 0, E\/E = O(10%) if E, # 0

moment of inertia and fourth moment of beam cross-section

area of beam cross section

(L4
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Ky ks ks foundation stiffness factors that relate restoring force and displacement: #, -« &, iy in whies
F, = vertical restoring force/unit length, ky » 0 and k, 2 0. kyk, = Q103 if k. = 0. £ Eieom
which F, = horizontal restoring force/unit length. &, > Oand ky/k, = O(h

P density of beam material

N transverse force

INTRODUCTION

Twis note concerns the response of an elastic beam, of infinite length and supported on an
elastic foundation, to a steadily moving transverse load. We shall consider here only those
loads with speeds near or equal to the so-called “critical” speed of the linear beam theory.
It is known (Kenney [1], Steele [2]) that solutions of the present problem on the basis of the
linear theory are inadequate becausc of the occurrence of large-amplitude steady state
responses, or “‘resonances”, even if the load intensity is kept small. In {2]. Steele has treated
the present problem using the nonlinear beam theory. He obtained four distinet perturba-
tion solutions-—one a Poincare type expansion that is valid when the load speed is strictiy
subcritical, one a Lindstedt type expansion that is valid when the load speed is strictly
supercritical, and two solutions for loads moving exactly at the critical speed. one of which
being valid when the geometrical nonlinearity is predominant and the other when the
material nonlinearity is predominant. It may be pointed out that for the success of the
perturbation method used by Steele one has to guess at the correct forms of the perturba-
tion series. Furthermore, as the ranges of load speeds for which Steele’s solutions are valid
do not overlap, it remains obscure as to how his solutions may be related to one another

For moving load problems for continuous systems such as the beam problem con-
sidered here, it appears highly desirable to obtain nonlinear solutions which are valid
throughout some particular neighborhood of a critical speed. Such solutions not onty wili
reveal the response of a system to a load moving near or at a critical speed. but also will
provide information on how the transitions from a subcritical response to a supercritical
response and vice versa take place near the critical speed. To this end, a special perturba-
tion method was recently developed by the present authors and applied successfully ie
the problem of a nonlinear elastic string [3}.

The purpose of this note is to apply the perturbation method developed in [3] to the
present beam problem and to obtain, in a systematic manner, nonlinear solutions that are
valid in the neighborhood of the critical specd. An essential feature of this special perturba-
tion method consists in expanding both the solution and the load speed, as well as one or
more parameters in the problem if necessary, as power series in a small perturbation
parameter. The dependence of the load speed and the other parameters upon the perturba-
tion parameter is then so adjusted that meaningful perturbation solutions are obtainable.
it is through the dependence of the load speed upon the perturbation parameter that one
may, by starting with an unperturbed linear solution involving a subcritical or super-
critical speed, construct nonlinear solutions which are valid throughout some neighbor-
hood of load speeds containing the critical speed.

We find that in the neighborhood of the critical speed there exist essentially two
distinct nonlinear solutions. One of these is the continuation of the subecritical solution
and the other that of the supercritical solution. Depending on whether the geometrical or
the material nonlinearity is predominant, one or the other of the two solutions may be
continued up to the critical speed and even beyond.
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GOVERNING EQUATIONS AND LINEAR SOLUTIONS

The same set of nonlinear equations for the steady-state beam motions under a moving
load as those derived by Steele [2] will be used. In dimensionless form the equations are

N+ 200"+ = uln")’Y o + 222 {1 + 3001
+A6(8) + O(), (la)
(2 =02~ By = — 32710y 1 + 00, (1b)

n and y here are, respectively, the transverse and axial displacements, and primes denote
differentiations with respect to the moving coordinate £. The derivation of these equations
may be found in [2], with the further simplification that, as we assume 42, @ and u to be
large in comparison with unity (unless they vanish), nonlinear terms in the displacements
which are not multiplied by such quantities have been omitted from equations (1). We
remark also that, unlike Steele, we consider here the full beam (— o0 < & < o0) with the
concentrated load Ad(€) term being added to equation (1a).

To complete the formulation of the problem we add the conditions of continuity of
and 7y as functions of £ and of the boundedness of these solutions as ¢ tends to + oo.
Further physical considerations will also be given in case the above conditions do not
determine the solutions uniquely.

The linearized form of equations (i) is well known. For small 7 it follows easily from
equation (1b) that y will be of the order O(n?), and thus may be omitted from consideration.
Equation (1a) then reduces to

" +20%0" + 1 = AX(E). 2)

For v < 1 the solution of equation (2) is

A .
(&) = mRe{exp[i(léle“”—(D)]}, (3)

(1

where

, (0<® <M 4

b= cos”‘(l-’—vz)%

and for v > 1, the solution of equation (2) is

) A 1. |
nié) = —m[g‘g sin Q¢ . H(— 5)4’6% sin ;¢ . H(f):l (5)
where
Q, = -*-1F, Q=P +*-1)E (6)

Neither (3) nor (5), however, is valid as v tends to unity. In fact, when v = 1, equation (2)
possesses no solution that remains bounded in — o0 < ¢ < 00. The speed v = 1, as we
have normalized here, is the so-called “critical” speed. It may be pointed out that the
linearized form of equation (1b) gives rise to another critical speed v = A, which is assumed
large and will not be considered here.
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NONLINEAR PERTURBATION SOLUTIONS

We now construct solutions of the nonlinear equations (1), using a modified perturba-
tion method. We take the load intensity as our perturbation parameter and set

A= {7

We then expand (¢, &) and p(&, &) as power series in ¢. It is expected that both  and 7
vanish when ¢ = 0. Furthermore, equation (1b) shows that y is of the order O(s%). We thus
write

*

’7(57 8} = & Z ’7{(5)82 (x)

i=0
W e) = & ;) E)e" 9)
We also allow the load speed to depend on ¢ and write
vHe) = cle) = Z ;e (10)
i=0

By symmetry considerations we infer that # must be an odd function of & and y must
be an even function of & So we set

&) =0, (=0 iodd. (1
It then follows that only even powers of ¢ need be retained in (10). So we also set

c; =0, i odd. {12)

i

Before we proceed, it should be remarked that we assume in (10) ¢, # 1. It turns out
that the two cases ¢, < 1 and ¢, > | must be investigated separately as follows.

Case 1: ¢y < 1
We substitute (8)-{12) into {1a) and (1b). Upon collecting like powers of £ we obtain
the following set of equations

o' +2cotg+1o = E), (13)
(A2 —colo—Bro = —32°[(10)*], (14)

0y +2eons 12 = — 2015 + A [2n570 + 21070 + 310)*15)
+and + 3ul2n5(n5)* + (o) na' ], (15)

To these equations we again supplement the conditions of continuity and of boundedness

of the solutions.
Equation (13) has for ¢, < 1 the solution given in (3) which we rewrite as

nolé) = A, Re{exp[i( e’ — D)1}, (16)
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where now

(17)

1 +
4, =31-c))} &= cos_‘( +c0) )

2

We assume further that the total transverse displacement under the load in the nonlinear
response is set a priori and equal to ¢4, cos ®. This implies
7(0,¢) = €4, cos D, (18)
or equivalently,
no(0) = A, cos D,
0 1 (19)
n{0) = 0, i=24,...

A, will hereafter be referred to as the “amplitude parameter”, or simply the “amplitude”
of the nonlinear response, since in the range of load speeds considered here cos @ ~ 1. It
follows from the definition of 4, that

1 \#*
Co = (1—4721-) (<1). (20)

To solve equation (14) for y, we may make use of the Green’s function

G1(£,0) = —(k/2B) exp(— ¢ —{|x), (21)
where
K= [BA2—co)l}, B #0. (22)
We then have

yo(€) = on [inhomogeneous terms in (14)]. G (&, () d¢

e o)

(1 in ®
S sgn(c){ A7 o) sia 5 eP(— 28] sin @) —exp(—1¢)]
id
J] ey ey PRI o~ Klém} ’

for 4(A% — c,) sin’®— B # 0,

(23)

1 sin @ i®
2422207 e exp(— I
2 { =g FP DI e T

 [exp(2i|¢le"®) — exp(—«|&])] sgn(8)y
for 4(A% — cy) sin?®— g = 0,

where the detailed calculations have been omitted.
The solution given in (16) yields the Green’s function for equation (15)

1 .
G260 = A= Re{exp[i(¢ —(le’ — ®)]}. (24)



1456 SING-CHIH TANG and Davib H. Y. YeN

Consequently, we may represent the solution 5, of equation (15) as
n2(8) = '( [inhomogeneous terms in (15)]). G5(¢, () dL. {23

We note that ¢, is so far undetermined in equation (15). To determine ¢, we use the condi-
tion #7,(0) = 0 as given in (19). Thus, from (25),

0= f [inhomogeneous terms in (15)]. G,(0, {) d¢, (26)

and we find
¢y = (A1, +aly+3ul )21, {27)

where

L= [ n06.0.0dc

L &

L= [ OO + 2160750 + MmO Ga(0.0)

I = j HA0G0, 0) de.

Iy = fA ); ‘ (2160 (5 (O + (60?05 (01620, Oy dL.

It then follows that #,(&) is completely determined by (25). We shall not present the result
for n,(£) explicitly. We terminate our calculations at this order and shall return to examine
these results after the case ¢, > 1 is treated.

Case2:¢, > 1

If we proceed here for ¢, > 1 in the same way as in the previous case, we find that secular
terms appear in the equation for 5,(¢) which render the solution unbounded as ¢ tends
to +c0. To remedy this situation we introduce another parameter €, which will be identi-
fied later as the square of the spatial wave number of the solution 7, to depend on &. We
write

Q=Y Q¢ (29)

with
Q. = 0,iodd. (30)

We then substitute (8)-(12) as well as (29) and (30) into (la) and (1b). At this stage we
introduce a new independent variable s related to ¢ by

s = QF& (31)
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Upon the substitutions and collecting like powers of ¢ as before, we obtain

Ld*, d2y
3 10 4 26,0 - EM0 4 o = Q35(s), 32)

. d?y, dng d?n
QO(AZ“CO)T—B% = — 20— dso *(“i';‘z(*)“, (33)

L% 4z d*ne
03— ¢ 12 1 2¢00, d’ffmz ~20,0, ¢ —2(c290+c092)
dno\ 2 d*n, d (dn, dy,
202 20z & (Yo YYo 3
34 Q(ds) T Q%ds(ds'ds oo

dZ d3 2 dZ 2 d‘% .
+3”Qg[2 d?{ dg}) +( d?) d:40}+%90 a0

(34)

Equation (32) is recognized as the linear beam equation (2), and hence for ¢, > 1 has
the solution given in {(5) which we rewrite as

3 3
Hols) = g% s1n(Q:) s. H(~s)— —»sm(SZ) s. H(s), (35)

with Q, , being defined in {(6) and the “amplitude parameter” A, is related to ¢, by

e

. 1
Ay =Hd=1)7Y oy = (Hﬂf) . (36)
2

The solution of equation (33) for y, can now be determined, say by using the Green’s
function G((¢, {) as given in (21). It is found as

1
3

'()““I“Azllz HLS 2 Q +B Qi) |H
Yol8) = 2772 49%(/12—C0)+ﬂ 1n s exp(xs/Q3) |H(—5)
i o

Q,
A et Ok
+ 542 [ 403 —co)+ Bsmz( 0) s+ Bexp{ KS!QO):] H(s), (37)

where

= __L.. B(Qa - Qb)
K T 16(A% —co)* + 8coB(A2 —cp) + B

(38)

The solutions for 77, and y, as given in (35) and (37) are now substituted into equation
(34). So that the equation may have a bounded solution for #, as s tends to + oo, secular
terms appearing on the right hand side of equation (34) must be removed. This means we
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must set the coefficients of the terms containing sin(Q,/Q)*s and sin(€,/Q)*s respectively
equal to zero. By the assumption 42 » ¢,, B, this leads to the following equations

Q, A3 3o -
[ +§2—0(C0 — Qa) jad ‘8‘ 2)2 — Q? — 3[1Q‘2, s {39&_)
Q Asl.., 3
“2*63“0“9") ~ ?2(242—554,192), {39b)

from which ¢, and Q, are determined. Equation (34) then determines #4(&). Again we shall
not present 77,(¢) here explicitly and shall terminate our calculations at this order.

To summarize our results up to this point: we have obtained two sets of perturbation
solutions, distinguished now by the superscripts 1 and 2, in the form

N9 &) = enfO+e PO+ 0E),  i= 1,2, (40)
PAE 8 = PO+ 06", i= 1,2, (41)

and
Ne) = P+ +06e*,  i=1,2, (42)

with ¢f) < 1 and ¢’ > 1 respectively. The perturbation parameter ¢ is the load intensity
A. For a fixed A these solutions are completely determined by specifying the “amplitudes”
A, and A, which are related to c{’ through (20) and (36) and hence to v* = ¢ through
(42). The significance of these perturbation solutions is that depending on the algebraic
signs of ¢, the actual (total) speeds may in fact have covered the critical speed even if
the unperturbed speeds are strictly subcritical (¢, < 1) or supercritical (¢, > 1). These
solutions will be examined in more detail below.

RESULTS AND DISCUSSIONS

For ¢, close to unity we have sin @ = [(1 —¢()/2]* = Oandcos ® = 1[seeequation (17)].
We then obtain from equation (27)

AZ
ey ;Tg‘(zﬂ—w—m for ¢y < 1. (43)
As equations (39) yield
A3 .
P = %3(2,12—305—3,1) for ¢g > 1, (44)

it is seen that ¢} has the same algebraic sign as the quantity (242 — 3¢ — 3u). The constant
A characterizes the geometrical nonlinearity in the beam while x4 and o characterize the
nonlinearity of the elastic beam and foundation respectively (i, « > 0 for soft materials).
Thus ¢ > 0 when the geometrical nonlinearity is predominant and ¢¥ < 0 when the
material nonlinearity is predominant. The criterion is identical with the one obtained by
Steele [2].

When ¢ > 0, the “‘subcritical” solutions (with the superscript ‘1) are valid up to
the critical speed and even beyond. The same is true with the “‘supercritical” solutions
(with the superscript “2”’) when ¢t < 0. In order to see this we consider a numerical
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example. Let us take the following parameter values:

22 =25,

o = 0, 50,
w=0,

B =140,

A = 0:005, 0:010, 0.015.

In Figs. 1 and 2 the solid curves show the dependences of the maximum amplitudes of the
nonlinear responses upon the load speed v = \/c. The broken curves in the same figures
show the corresponding relationships according to the linear beam theory. We recall that
for a subcritical mode of response (¢, < 1) the maximum amplitude occurs under the
load and is given by AA, cos ®. For a supercritical mode of response (¢, > 1) the maximum
amplitude occurs behind the load and is given by AA4,/Q? when the contribution of 5$2X¢) is
neglected [see equation (35)]. Figure 1 corresponds to a case where the geometrical non-
linearity in the beam is predominant, and it shows that the curves associated with the sub-
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F1G. 1. Maximum amptitudes of beam responses vs. Joad speeds.
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Frg. 2. Maximum amplitudes of beam responses vs. foad speeds.

critical mode of responses are extended into the region ¢ > 1, while the curves associated
with the supercritical mode of responses do not continue into the region ¢ < 1. Figure 2
corresponds to a case where the material nonlinearity is predominant and in it the above
situation 1s just reversed. These curves resemble those “response curves™ in nonlinear
vibration studies involving soft- and hard-spring characteristics.

These curves show that for a fixed load intensity, the transition from a subcritical mode
of response to a supercritical mode of response as the load speed is increased, and vice
versa as the load speed is decreased, takes place at a speed slightly greater than the critical
speed if the geometrical nonlinearity in the beam is predominant. On the other hand. if
the material nonlinearity is predominant, such a transition will then take place at a speed
slightly smaller than the critical speed. Furthermore, a particular mode of response may
have two different amplitudes at a load speed near the critical speed (when the curves bend
back). We may conjecture that the response corresponding to the smaller amplitude is the
stable one.

In conclusion we mention that the two perturbation solutions obtained by Steele [2]
valid for the critical speed only may be shown to agree with the present solutions. The
subcritical and supercritical solutions obtained by Steele, however, can not be continued
to the critical speed because the leading terms in such solutions, i.e. the respective linear
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solutions, become unbounded. The present solutions, obtained by using the special per-
turbation method, show how Steele’s solutions are related to one another.
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Abcrpart—Wccnenyetca HenuHeHOE Bo3aekcTBre yrpyroll 6anku, noapepXeHHOM ICHCTBHIO ABMKYLICHCH
OnePEYHOH HArpy3Ky, NPH HCTIONL3OBAHUHE CHEHMANBLHOTO MeToAa Bo3MyiueHus. [onydaioTes pelienus,
KOTOPBIE OCTAIOTCH BAXHBIME B KaXuo# TOYKe HEKOTOPOH 001aCTH KPHTHYECKOR CKOPOCTH [UIR NuHeinol
Teopuu Oanox. Haxoaurcs, uto BOOOWIE, B 3aBHCHMOCTH OT THMAa npeobnaaaroiiell HEJIMHEHHOCTH B
6onke, TaK NOJKPATHYECKOE KAK H CBEPXKPHTHYECKOE BO3IEHCTBHE MOI'YT ObITh NOCTOSHHLIMH BILUIOMb
KPUTHYECKOM CKOPOCTH. ¥ Aaxe Bbllue. PelieHus yka3blBaloT TaKXe, YTO Nepexoabl 0T NOAKPMTHXECKOTO
BO3AEHCTBHA K CBEPKPHTHYECKOMY M HA0OOPOT MOryT CYIIECTBOBATH ONH3U KPHTHYECKOH CKOPOCTH.



