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Abstract-The nonlinear response of an elastic beam to a moving transverse load is studied, using a special
perturbation method. Solutions are obtained that remain valid throughout some neighborhood of the critical
speed of the linear beam theory. It is found that in general, depending upon the type of dominant nonlinearity
in the beam, either the subcritical response or the supercritical response may be continued up to the critical
speed and even beyond. The solutions also show how the transitions from a subcritical response to a super­
critical response and vice versa take place near the critical speed.

NOTATION

2 (EA!(4k1r4)]*
~ x!{.j(2)lr), dimensionless distance in moving coordinate system along undeformed beam neutral axis
" y!(,j(2)A.r), dimensionless transverse displacement
y u/(,j(2)..tr), dimensionless axial displacement
v ..tV(p/E)t, dimensionless load velocity
IX 2),2rzkz/k t , dimensiopless modulus for material nonlinearity of foundation
fJ k3!(2k l ), dimensionless horizontal modulus for foundation material
II 2..tzN!(EA). dimensionless load intensity
J.l E t 14/(2..tzrzE12), dimensionless modulus for material nonlinearity of beam

In the above expressions, x, y, u, E, E., 12 • 14 , A, r, k l , kz , k3 , p and N have the following meanings, respectively:

x X Vt, distance in moving coordinate system along undeformed beam neutral axis, in which X =
distance in fixed coordinate system along undeformed beam neutral axis, V load velocity and
t == time

y transverse displacement of beam
u axial displacement
E, E t elastic constants that relate stress and strain in a beam: (1 == Ee-E1e3, in which (1 = stress, e == strain

and E1 ~ 0, EtiE 0(103
) if E 1 # 0

/2' /4 moment of inertia and fourth moment of beam cross-section
A area of beam cross section

U2!A)t
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k I' k" kJ foundation stiffness factors that relate restoring force and displacement: 1-, ".
f~ vertical restoring force/unit length, k, 0 and O. k,/k ,= 0(10') If k,
which F, = horizontal restoring force/unit length, k \ and k,ik I = 001 .

P density of beam material
tv transverse force

INTRODUCTION

(I F.
In

THIS note concerns the response of an elastic beam. of infinite length and supported on an
elastic foundation, to a steadily moving transverse load. We shall consider here only those
loads with speeds near or equal to the so-called "critical" speed of the linear beam theory.
It is known (Kenney [IJ, Steele [2]) that solutions of the present problem on the basis of the
linear theory are inadequate because of the occurrence of large-amplitude steady state
responses, or "resonances", even if the load intensity is kept smalL In [2J. Steele has treated
the present problem using the nonlinear beam theory. He obtained four distinct perturba­
tion solutions---one a Poincare type expansion that is valid when the load speed is strictiy
subcriticaL one a Lindstedt type expansion that is valid when the load ~;peed is stric!l.\
supercritical, and two solutions for loads moving exactly at the critical speed, one of which
being valid when the geometrical nonlinearity is predominant and the other when the
material nonlinearity is predominant. It may be pointed out that for the success of the
perturbation method used by Steele one has to guess at the correct forms of the perturba­
tion series. Furthermore, as the ranges of load speeds for which Steele's solutions are valid
do not overlap, it remains obscure as to how his solutions may be related to one another

For moving load problems for continuous systems such as the beam problem con­
sidered here, it appears highly desirable to obtain nonlinear solutions which are valid
throughout some particular neighborhood of a critical speed. Such solutions not only will
reveal the response of a system to a load moving near or at a critical speed. but also will
provide information on how the transitions from a subcritical response to a supercritical
response and vice versa take place ncar the critical speed. To this end, a special perturba·
tion method was recently developed by the present authors and applied successfully to
the problem of a nonlinear elastic string [3}

The purpose of this note is to apply the perturbation method developed in [3] to the
present beam problem and to obtain, in a systematic manner, nonlinear solutions that arc
valid in the neighborhood of the critical speed. An essential feature of this special perturba­
tion method consists in expanding both the solution and the load speed, as well as one or
more parameters in the problem if necessary, as power series in a small perturbation
parameter. The dependence of the load speed and the other parameters upon the perturba·
tion parameter is then so adjusted that meaningful perturbation solutions are obtainable
It is through the dependence of the load speed upon the perturbation parameter that one
may, by starting with an unperturbed linear solution involving a subcritical or super­
critical speed, construct nonlinear solutions which are valid throughout some neighbor,
hood of load speeds containing the critical speed.

We find that in the neighborhood of the critical speed there exist essentially two
distinct nonlinear solutions. One of these is the continuation of the subcritical solution
and the other that of the supercritical solution. Depending on whether the geometrical or
the material nonlinearity is predominant, one or the other of the two solutions may be
continued up to the critical speed and even beyond.
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GOVERNING EQUATIONS AND LINEAR SOLUTIONS

The same set of nonlinear equations for the steady-state beam motions under a moving
load as those derived by Steele [2] will be used. In dimensionless form the equations are

'1'''' +2v21J" +'1 = fl[(IJ")3J" +CV13 +2A2{1J'[y' +t(IJ')2]}'

+ d£5(~) +0('1 5
),

(A2
- v2))''' - /3)' = - tA2[('1')2]' +0('14

).

(la)

(lb)

'1 and)' here are, respectively, the transverse and axial displacements, and primes denote
differentiations with respect to the moving coordinate~. The derivation of these equations
may be found in [2], with the further simplification that, as we assume A2

, IX and fl to be
large in comparison with unity (unless they vanish), nonlinear terms in the displacements
which are not multiplied by such quantities have been omitted from equations (1). We
remark also that, unlike Steele, we consider here the full beam (- 00 < ~ < (0) with the
concentrated load d£5(~) term being added to equation (la).

To complete the formulation of the problem we add the conditions of continuity of '1
and)' as functions of ~ and of the boundedness of these solutions as ~ tends to ± 00.

Further physical considerations will also be given in case the above conditions do not
determine the solutions uniquely.

The linearized form of equations (1) is well known. For small Yf it follows easily from
equation (lb) that)' will be of the order 0('12), and thus may be omitted from consideration.
Equation (la) then reduces to

'1"" +2v21J" + Yf = M(~).

For v < 1 the solution of equation (2) is

where

(2)

(3)

_(1 +v
2

)-!-<I> = cos 1 -2- ,

and for v > 1, the solution of equation (2) is

(0 ~ <I> ~ n/4) (4)

where

(5)

(6)

Neither (3) nor (5), however, is valid as v tends to unity. In fact, when v = 1, equation (2)
possesses no solution that remains bounded in - 00 < ~ < 00. The speed v = 1, as we
have normalized here, is the so-called "critical" speed. It may be pointed out that the
linearized form of equation (1 b) gives rise to another critical speed v = A, which is assumed
large and will not be considered here.
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NONLINEAR PERTURBATION SOLUTIONS

We now construct solutions of the nonlinear equations (1), using a modified perturba­
tion method. We take the load intensity as our perturbation parameter and set

We then expand 1](~, s) and y(~, <;) as power series in s. It is expected that both IJ and j'

vanish when <; = O. Furthermore, equation (1 b) shows that y is of the order 0(17 2 ). We thus
write

~L

17(~, s) <; L l1i(~)<;\
i~O

"
Y(~, <;) = <;2 L Yi(O<;i.

i~O

We also allow the load speed to depend on <; and write

v2(<;) == C(B) = L CiB
i
•

i~O

(8)

(9)

(10)

By symmetry considerations we infer that IJ must be an odd function of f. and Y must
be an even function of e. So we set

Yi(~) == 0, iodd. (I I)

It then follows that only even powers of e need be retained in (10). So we also set

Ci == 0, i odd. (12)

Before we proceed, it should be remarked that we assume in (10) Co :f:. 1. It turns out
that the two cases Co < 1 and Co > I must be investigated separately as follows.

Case 1: Co < 1
We substitute (8H12) into (la) and (lb). Upon collecting like powers of f. we obtain

the following set of equations

11~' + 2col1~ + 110 = b(~),

()..2 - co)y~ - PYo = - i)..2[(110)2]',

11';' + 2Co1]2 + 1]2 = - 2C2tl~ +)..2[211~Yo + 211oY~ + 3(1]ofll~]

+ 1X115 + 3jl[211~(1];;')2 +(11~)211;;"],

(13)

(14)

(I5)

To these equations we again supplement the conditions of continuity and of boundedness
of the solutions.

Equation (13) has for Co < 1 the solution given in (3) which we rewrite as

(16)
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where now

Al = !<1-c~)-t, <I> = COS-I(I~COr (17)

We assume further that the total transverse displacement under the load in the nonlinear
response is set a priori and equal to eA I cos <1>. This implies

or equivalently,

1'/(0, e) = eA I cos <1>, (18)

1'/;(0) = 0, i = 2,4, ...
(19)

Al will hereafter be referred to as the "amplitude parameter", or simply the "amplitude"
of the nonlinear response, since in the range of load speeds considered here cos <I> ~ 1. It
follows from the definition of Al that

co =(1-4: i)\<I). (20)

To solve equation (14) for Yo we may make use of the Green's function

where

(21)

P=I 0. (22)

We then have

Yo(~) = FXloo [inhomogeneous terms in (14)]. GI(~' 0 dC

1 {sin <I>2A2,1.2 sgn(~) 4(,1.2 _ co) sin2<1>- p[exp( - 21~1 sin <I»-exp( - KIWJ

ei~ ~

+1m 4(,1.2 -co) sin2<1> +p[exp(2il~lei~)-exp( - KIWJS'
for 4(A.2- co) sin2<1>- P=I 0,

1 { sin <I> ei~
2A2

A.
2

- 2K(A.2_ co) ~ exp( - KIW +1m 4(A.2_ co) sin2<1> +p

. [exp(2il~lei~)-exp( -KIWJ sgn(~)},
for4(A.2-co)sin2<1>-p = 0,

where the detailed calculations have been omitted.
The solution given in (16) yields the Green's function for equation (15)

(23)

(24)
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Consequently, we may represent the solution Yfz of equation (15) as

Yfz(~) = IX [inhomogeneous terms in (15)] . Gz(~, () d(.

We note that Cz is so far undetermined in equation (15). To determine Co we use the condi-
tion Yfz(O) = °as given in (19). Thus, from (25), -

and we find

where

°= I' P [inhomogeneous terms in (15)J . Gz(O, () d(,

11 = ff Yfo(()Gz(O, () dC
.. ----f

l z = IXf [2Yfo(Oy~(O + 2Yf~(Oyo(() + 3(Yf~(O)zYfo(()J . Gz(O, () d(,

11 = f~x YfMoGz(O, 0 dC

14 = tPf) [2Yfo(()(YfO'(Of + (IJo(())zIJO"(OJGz(O, 0 d(. r

(26)

(27)

(28)

It then follows that IJz(~) is completely determined by (25). We shall not present the result
for Yfz(~) explicitly. We terminate our calculations at this order and shall return to examine
these results after the case Co > I is treated.

Case 2: Co > I

If we proceed here for Co > 1 in the same way as in the previous case, we find that secular
terms appear in the equation for IJz(~) which render the solution unbounded as ~ tends
to ± 00. To remedy this situation we introduce another parameter 0, which will be identi­
fied later as the square of the spatial wave number of the solution Yf, to depend on G. We
write

with

° = L: OjG\
i=O

OJ = 0, i odd.

(29)

(30)

We then substitute (8Hl2) as well as (29) and (30) into (Ia) and (1 b). At this stage we
introduce a new independent variable s related to ~ by

(31)
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Upon the substitutions and collecting like powers of G as before, we obtain

(32)

(33)

(34)

Equation (32) is recognized as the linear beam equation (2), and hence for Co > I has
the solution given in (5) which we rewrite as

A 2 . (.oa)t ) A 2 . (.ob )!"
'1o(s) = - n~ sm .0

0
s. H( -s - nf sm n~ s. H(s),

with na,b being defined in (6) and the "amplitude parameter" A2 is related to Co by

(35)

( 1) l-
Co = 1+ 4A~ . (36)

The solution of equation (33) for Yo can now be determined, say by using the Green's
function Gt(e, 0 as given in (21). It is found as

(37)

where

(38)

The solutions for '10 and Yo as given in (35) and (37) are now substituted into equation
(34). So that the equation may have a bounded solution for '12 as s tends to ± 00, secular
terms appearing on the right hand side of equation (34) must be removed. This means we
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(39al

(39bl

must set the coefficients of the terms containing sin(OjOo)ts and sin(Ob/Oo)l s respectively
equal to zero. By the assumption ,{2 » Co, {3, this leads to the following equations

. O2 ~ A~ ( 2 3:x 2)(2+-(C O-0)---- 2) -----3/l00
0

a - 8 . 0; a '

O2 A~('2 3:x 2)C2+
00

(CO-Ob) ~"8 2A -Q~-3/l0b ,

from which C2 and O2 are determined. Equation (34) then determines 1J2(~)' Again we shall
not present 1J2(~) here explicitly and shall terminate our calculations at this order.

To summarize our results up to this point: we have obtained two sets of perturbation
solutions, distinguished now by the superscripts 1 and 2, in the form

and

1J(i)(~, G) = GlJg)(O+831J~)(~)+ 0(85), i = 1,2,

y(i)(~, 8) = 82yg)(~)+ 0(84), i = 1,2,

(40)

(41)

i = 1,2, (42)

(44)

with C&I) < 1 and C&2) > 1 respectively. The perturbation parameter 8 is the load intensity
Ll. For a fixed Ll these solutions are completely determined by specifying the "amplitudes"
AI and A2 which are related to cg) through (20) and (36) and hence to v2 = cU) through
(42). The significance of these perturbation solutions is that depending on the algebraic
signs of c~), the actual (total) speeds may in fact have covered the critical speed even if
the unperturbed speeds are strictly subcritical (co < 1) or supercritical (co > 1). These
solutions will be examined in more detail below.

RESULTS AND DISCUSSIONS

For Co close to unity we have sin <I> = [(I - co)/2lt ~ 0 and cos <I> ~ 1 [see equation (17)].
We then obtain from equation (27)

A 2

c~1) ~1~(2),2-31J(-3/l) forco < 1. (43)

As equations (39) yield

A 2

C~2) ~ T(2),2-3:x-3/l) for co> 1,

it is seen that c~) has the same algebraic sign as the quantity (2),2- 31J( - 3/l). The constant
), characterizes the geometrical nonlinearity in the beam while f1 and :x characterize the
nonlinearity of the elastic beam and foundation respectively (/l, IJ( > 0 for soft materials).
Thus c~) > 0 when the geometrical nonlinearity is predominant and c~) < 0 when the
material nonlinearity is predominant. The criterion is identical with the one obtained by
Steele [2].

When C~l) > 0, the "subcritical" solutions (with the superscript" 1") are valid up to
the critical speed and even beyond. The same is true with the "supercritical" solutions
(with the superscript "2") when C~2) < O. In order to see this we consider a numerical
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example. Let us take the following parameter values:

(I( = 0,50,

J1 = 0,

p = 1·0,

~ = 0·005,0·010,0·015.

In Figs. 1 and 2 the solid curves show the dependences of the maximum amplitudes of the
nonlinear responses upon the load speed v = ,Jc. The broken curves in the same figures
show the corresponding relationships according to the linear beam theory. We recall that
for a subcritical mode of response (co < 1) the maximum amplitude occurs under the
load and is given by ~Al cos <1>. For a supercritical mode of response (co> 1) the maximum
amplitude occurs behind the load and is given by ~A2/ntwhen the contribution of ,,~2)(~) is
neglected [see equation (35)]. Figure 1 corresponds to a case where the geometrical non­
linearity in the beam is predominant, and it shows that the curves associated with the sub-

0.12 - Nonlineor Theory
--- Lineor Theory
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FIG. I. Maximum amptitudes of beam responses vs. load speeds.
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FIG. 7 Maximum amplitudes of beam responses \is. load speeds.

critical mode of responses are extended into the region lJ > 1, while the curves associated
with the supercritical mode of responses do not continue into the region l' < I. Figure 2
corresponds to a case where the material nonlinearity is predominant and in it the above
situation is just reversed. These curves resemble those "response curves" in nonlinear
vibration studies involving soft- and hard-spring characteristics.

These curves show that for a fixed load intensity, the transition from a subcritical mode
of response to a supercritical mode of response as the load speed is increased, and vice
versa as the load speed is decreased, takes place at a speed slightly greater than the critical
speed if the geometrical nonlinearity in the beam is predominant. On the other hand. if
the material nonlinearity is predominant, such a transition will then take place at a speed
slightly smaller than the critical speed. Furthermore, a particular mode of response may
have two different amplitudes at a load speed near the critical speed (when the curves bend
back). We may conjecture that the response corresponding to the smaller amplitude is the
stable one.

In conclusion we mention that the two perturbation solutions obtained by Steele [2J
valid for the critical speed only may be shown to agree with the present solutions. The
subcritical and supercritical solutions obtained by Steele, however, can not be continued
to the critical speed because the leading terms in such solutions, i.e. the respective linear
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solutions, become unbounded. The present solutions, obtained by using the special per­
turbation method, show how Steele's solutions are related to one another.
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A6cTpak"T-WCCJle,!l,yeTclI HeJUIHeHHoe B03.11eHCTBHe ynpyrolt 6aJlKH, nO,!l,seplKeHHolt ,!I,eltcTBHIO J:\BHlKYUI.eltclI

nonepe\lHolt HarpY3KH, npH HCnOJlh30BaHHH CneUHaJlhHQrO MeTOtl,a B03MYllleHHlI. fiOJlY'IaIOTCli pellleHHlI,

KOTophle OCTalOTClI BalKHhIMH B KaJl<:,!l,OH TO'iKe HeKQTopolt 06JlaCTH KPliTH'ieCKOH CKOpOCTlf ,!I,Jlll JlHHeHHoli.

TeopHH 6aJ10K. HaXOJ:\HTClI, 'iTO Boo6l11e, B 3aBHCHMOCTH OT THna npe06JlaAalOllleH HeJllfHeltHocTH B

60JlKe, TaK nOJ:\KpHTH'iecKoe KaK H CsepXKpHTH'IecKoe B03,!1,eHCTBHe MoryT 6hITh nOCTOllHHhIMH BllJlOMh

KPHTH'IecKOH CKOpOCTH. H ,/J,alKe Bhlwe. PellleHHlI YKa3hlsalOT TaKlKe, 'iTO nepeXO,!l,hl OT nO,!l,KpHTJlXeCKOro

B03,/J,efkTBHlI K CsepKpHTH'IecKOMy H Ha06opoT MoryT cywecTBoBaTh 6JlH3H KpJlTH'IecKOH CKOpOCTH.


